
Modelling of the growth of populations
of Listeria monocytogenes and a
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Lactobacillus in pure andmixed
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The cell growth biokinetics of Listeria monocytogenes and a bacteriocin-producing strain of Lacto-
bacillus sakewere studied.The organisms were grown both separately and together in a broth system.
It was observed that Lact. sake was better suited to growth at low pH than L. monocytogenes. The
presence of bacteriocin impacted on L. monocytogenes, by quickly reducing the number of these mi-
crobes in mixed populations. A model for the growth of L. monocytogenes and Lact. sake popula-
tions grown separately and in mixed culture is proposed. The model includes a novel approach for
better describing the e¡ect ofpH change, the abilityofLact. sake to producebacteriocin and the e¡ect
of bacteriocin on L. monocytogenes in the broth culture. Additionally, terms are introduced that de-
scribe the competitive e¡ect ofonepopulation on the other.Themodel is ¢tted to data collected for the
growth of each population, either grown alone or together. There were no signi¢cant di¡erences be-
tween theparameter estimates for each replicate, supporting the hypothesis that the proposedmodel is
a useful representation of the growth and interaction of the twomicrobial populations.
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Introduction

An understanding of the interactions between
the di¡erent micro-organisms present in food
is important for food safety. The mechanisms
by which such micro-organisms can interact
have been considered in the literature for a
long time (Fredrickson 1977), and include com-

petition for nutrients, tolerance of waste pro-
ducts and the production of inhibitory
substances e¡ective against other micro-or-
ganisms. Interactions between di¡erent popu-
lations may have many consequences, but of
particular interest to food microbiology is the
feature that a population of pathogenic bacter-
ia can be suppressed through competition with
a benign species of bacteria, and that this com-
petition can be encouraged to increase food
safety. Mathematical modelling represents
one way of understanding these interactions
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and, to this end, general models of interacting
microbes in foods have been most recently
considered by Dens et al. (1999) andVereecken
et al. (2000).

One of the primary mechanisms by which
pathogens may be suppressed by competing
micro£ora is through the production of
bacteriocins by non-pathogenic lactic acid
bacteria and other bacteria. Bacteriocins
are di¡usible, proteinaceous compoundsactive
against closely related bacteria. Bacteriocins,
and particularly those produced by the lactic
acid bacteria, have received considerable
interest in the food industry because they are
naturally occurring compounds and some,
such as nisin, have ‘generally recognized
as safe’ (GRAS) status in many countries
(Gould 1996, Muriana 1996). Furthermore,
inoculation of bacteriocin^producing lactic
acid bacteria into foods to control the growth
of pathogens such as Listeria monocytogenes
has been successfully demonstrated by Stecchi-
ni et al. (1992) in ham, Winkowski and Mont-
ville (1992) in meat gravy, Schillinger et al.
(1991) in meat, and Nilsson et al. (1999) in
smoked salmon.

To understand the interaction of pathogenic
and bacteriocin-producing lactic acid bacteria
further, this paper proposes and tests a
mathematical model for the interaction
between a bacteriocin-producing Lactobacillus
sake strain and L. monocytogenes in liquid
culture.

Materials and Methods

Growth conditions and sampling

A £askcontaining 250ml of sterile deMan, Ro-
gosa and Sharp (MRS, Difco, Detroit, Michi-
gan, USA) broth (adjusted to pH 7?0 using
NaOH), preheated to 201C, was inoculated with
approximately 100 cfuml�1 L. monocytogenes
L70 that had been grown for 18 h at 241C in
10% CO2 in MRS broth. A second £ask was in-
oculated in the same fashion with Lact. sake
706 (Schillinger and Lˇcke 1989), which pro-
duces the bacteriocin sakacin Awhich is active
against L. monocytogenes. A third £ask was in-
oculated in the same fashion with both organ-

isms.The three £asks were incubated at 201C in
a shaking water bath. Appropriately sized
samples were taken at intervals ranging be-
tween 2 and 28 h and assayed for pH, bacterial
numbers and bacteriocin level.The experiment
was performed in duplicate.

Microbiological analysis

At each sampling interval, 1ml of culture was
removed and assayed for pH using a PHM210
Standard pH meter (Radiometer, Copenhagen,
Denmark).Tenfold dilutions were performed on
samples of 100 ml from the L. monocytogenes
Fonly £ask and the £ask containing both
organisms. Diluted samples were plated on Lis-
teria-selective Modi¢ed Oxford (MOX) agar
(Difco, Detroit, Michigan, USA). Similarly,
samples from the Lact. sakeFonly £ask and
the £ask containing both organisms were pla-
ted on toMRS agar whichwas selective for lac-
tic acid bacteria by adjusting to pH 5?7 with
HCl. Plates were incubated for 24 h (MOX) or
48 h (MRS) at 241C in 10% CO2 and colonies
counted.

Bacteriocin activity in the culture superna-
tant at each sampling time was determined
using a well di¡usion assay described by
Galvin et al. (1999). Brie£y, a total of 500 ml of
the culture was centrifuged at 10 000 g for
20min and the culture supernatant adjusted
to pH 7?0 with 6N NaOH.The supernatant was
then subjected to a serial two fold dilution
series in sterile MRS. Molten agar (20-ml
aliquots) at 481C was inoculated with 50 ml of
an overnight culture of L. monocytogenes,
poured into a sterile Petri dish and allowed to
solidify. Wells were cut into the agar using a
sterile corkborer 4?6mm in diameter, and 50 ml
of each dilution of the supernatant was dis-
pensed into the wells. Plates were incubated
at 301C overnight and bacteriocin activity cal-
culated as the inverse of the last dilution show-
ing a clear zone of inhibition of the
L. monocytogenes. Activity units were ex-
pressed per millilitre.

The model

To understand the interaction e¡ect among
bacterial populations better it is convenient to
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model independent growth for each population
and compare this with the growthof each popu-
lation in mixed culture. Cell growth of both
L. monocytogenes and Lact. sake are described
by the commonly used Logistic equation
(Lejeune et al. 1998, Peleg 1997). Factors such
as nutrient availability, temperature and pH af-
fect the growth rate and maximum population
size. For these experiments all external factors
aremodelled as constants. Hence, the model in-
cludes only those factors modi¢ed internally,
which in this study is the pH of the growth
medium. In the system under consideration
the change in pH is caused by metabolic activ-
ity of the micro-organisms. The growth of the
populations is a¡ected by the pH of the
medium. In particular, as the pH deviates from
optimum the maximum population size de-
creases as the square of the deviation. Evi-
dence for this relationship between microbial
population growth and pH has been presented
by Cole et al. (1990).The change in pH depends
on size nL of the population and its instant
state, characterized by dnL=dt. In the simplest
version the only characteristic of the microbial
state (lag, exponential or steady state) is the
current growth rate. The mathematical model
for population size of L. monocytogenes (nLis)
is thus:

dnLis

dt
¼ gLisnLis

1� nLis

Lismax

� �

dpH
dt

¼ � k11 �
dnLis

dt
þ K12

nLis

Lismax0

� �
ð1Þ

where

Lismax ¼ Lismax0 � �LisðpH � pHLisÞ2

For the population of Lact. sake the growth
kinetics can be described in the same way.
However, Lact. sake also produces sakacin A
which has antimicrobial activity and which
needs to be accounted for in themodel.The rate
of bacteriocin production by the Lact. sake po-
pulation is maximal in the active phase of mi-
crobial growth (Hugas et al. 1995). Thus the
bacteriocin production depends on both the
numbers of Lact. sake and the current state of
their growth. Taking this dependence in the
simplest form, the mathematical model for the

population of Lact. sake (nLac) can be written in
the following form:

dnLac

dt
¼ gLacnlac 1� nLac

Lacmax

� �

dpH
dt

¼ � k21
dnLac

dt
þ k22

nLac

Lacmax0

� �

db
dt

¼ p1
dnLac

dt
þ p2nLac � �b

ð2Þ

where

Lacmax ¼ Lacmax0 � �LacðpH � pHLacÞ2

The model for the growth of a mixed popula-
tion builds on this construction by adding a
term for the destructive e¡ect on L. monocyto-
genesbybacteriocin and also describes how the
growth rate of each population is a¡ected by
the presence of the other because of competi-
tive interaction. Such an interaction term is a
common feature of models in predictive micro-
biology, see, for example, the recent review by
Vereecken et al. (2000). The mixed growth of L.
monocytogenes and Lact. sake can then be de-
scribed by the following set of equations:

dnLis

dt
¼ gLisnLis 1� nLis

Lismax
� �LisnLac

� �

� vnLisb

dnLac

dt
¼ gLacnLac 1� nLac

Lacmax
� �LisnLis

� �

dpH
dt

¼ � k11
dnLis

dt
þ k21

dnLac

dt
þ k12nLis

�

þk22nLac

�

db
dt

¼ p1
dnLac

dt
þ p2nLac � �b � vnLisb

ð3Þ

where

Lismax ¼ Lismax0 � �LisðpH � pHLisÞ2

Lacmax ¼ Lacmax0 � �LacðpH � pHLacÞ2

In equations (1), (2) and (3) the parameters gLis

and gLac characterize the growth rate of L.
monocytogenes and Lact. sake respectively; the
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parameters lLis and lLac describe the in£uence
of the population size of Lact. sake on the popu-
lation growth of L. monocytogenes and vice
versa. The coe⁄cient v describes the mutual
binding of the L. monocytogenes population
and the bacteriocin.The rates of change in pH
caused by microbial activityare represented by
parameters kij (i, j =1, 2).The parameters p1 and
p2 are the rates of bacteriocin production, and
� is the natural degradation rate of the bacter-
iocin. Lismax0 is the maximum population size
of L. monocytogenes and Lacmax0 is the maxi-
mum population size of Lact. sake at the opti-
mum pH level (pHLis and pHLac) for each
organism. The empirical coe⁄cients bLis and
bLac describe changes of the Lismax and Lacmax

caused by the decrease of pH.

Statistical analysis

Equations (1), (2) and (3) cannot be solved analy-
tically.Technically, the solution of equation set
(1) consists of the solving of two simultaneous
nonlinear equations in time, one equation for
the population size of L. monocytogenes, the
other for the level of pH. The solution of equa-
tion set (2) consists of three simultaneous non-
linear equations in time. One equation is for the
population size of Lact. sake, one is for the level
of pH, and the last equation is for the level of
bacteriocin at any time t. Similarly, the solution
of equation set (3) consists of four simultaneous
nonlinear equations in time. In this case there
is the addition of an equation for the population
size of L. monocytogenes at any time to the equa-
tions for the population size of Lact. sake and
the levels of pH and bacteriocin.

Although the equations (1), (2) and (3) cannot
be solved analytically, they can be solved nu-
merically.The estimation of parameters, based
on the numerical solution, is a problem in si-
multaneous nonlinear regression, where para-
meter estimates are found by minimizing the
determinant of the variance^covariance ma-
trix of the residuals (Bates and Watts 1988).
Minimizing the determinant in simultaneous
regression is the analogue of minimizing the
sum of squares in the case of single equation re-
gression. The derivation is given in Bates and
Watts (1988). Under normality it is also the
maximum likelihood estimator.

The parameters for each replicate of micro-
bial growth in pure cultures was found by
using a genetic algorithm (Haupt and Haupt
1998) combined with successive line minimiza-
tion (Press et al. 1989) to minimize the determi-
nant of the variance^covariance matrix of the
residuals.

The practice of measuring the numbers of
microbes by serial tenfold dilution introduces
errors of measurement because of the dilution
process. This means that the measurement er-
rors associated with high numbers of microbes
are higher than for smaller numbers of mi-
crobes. Accordingly, each residual in the analy-
sis was weighted by the number of microbes
associated with it. After this the determinant
of the residuals was minimized.

The model was not identi¢ed for the data-
sets used to obtain parameter estimates, which
means that the parameter estimates would not
be unique (see Seber and Wild 1989 for discus-
sion about statistical identi¢cation in this con-
text). Statistical identi¢cation of the equations
required the introduction of some constraints
on the parameters.The use of the optimum pH
for growth of L. monocytogenes and Lact. sake
(pHLis=6?8 and pHLac=6?0) as a constraint
identi¢ed the equations for estimation. These
optimum values for growth are typically ob-
served and recorded in the literature (McClure
et al. 1991, Franz et al. 1991).

The replicates of microbial growth in mixed
culture did not have su⁄cient observations to
estimate all the parameters in equation set (3).
Thus, the parameters for the growth of each po-
pulation were ¢xed at levels estimated for the
growth in pure culture, and the extra para-
meters lLis, lBac, and v were estimated.That is,
the estimates of these mixed culture para-
meters were conditional on the values taken
by the other parameters, which were obtained
from analysis of the single populations. This
seems sensible because if the microbial popula-
tions do not interact, either through bacterio-
cin or by competition for resources, then
equation set (3) reduces to the independent
equation sets (1) and (2).

The measurements of bacteriocin were car-
ried out by serial twofold dilution. This means
that the ¢gure quoted represents a lower
bound on the amount present, with an upper
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bound given by the next doubling in dilution.
For example, a measurement of bacteriocin
of 320 units represents a level of bacteriocin
lying between 320 and 640 units. Thus, estima-
tion based on sole consideration of the quoted
levels of bacteriocin is prone to be low.Writing
the ath actual level of bacteriocin at time t as
ba(t) and the quoted level of bacteriocin bq (t)
gives:

baðtÞ ¼ bqðtÞ þ xob2qðtÞ ð4Þ

where x is an unknown variable.
The estimate of the model parameters asso-

ciatedwith bacteriocin is given by the expecta-
tion of the parameter given the value of
bacteriocin, i.e. the conditional expectation
E½p1; p2; �; �jbaðtÞ�. However, the value of bac-
teriocin is onlyknown tobewithin a particular
interval, and can take any value in this interval
with a certain probability. Let the probability
distribution for any value xwithin this interval
be given by P[x]. The estimates of the para-
meters are then given by:

E
Z

P p1; p2; �; �jbaðtÞ�P½x�dx½
� �

where E is the expectation operator, P[x] is the
probability distribution of x in the interval,
ba(t) is given by equation (4), and the integral
is taken over the range of possible values for
the bacteriocin within the interval of the prob-
abilitydistributionP. Assume that if more than
one observation of bacteriocin lies within an
interval then, within this interval, these values
are monotonic in time, i.e. if time xi o time xi+1

then E½xi� ¼ E½Pðxijxioxiþ1Þ�.
Assume that the levels of bacteriocin are

distributed uniformly over the intervals in
which they are observed, conditional on the
expected values being monotonic in time with-
in an interval. Estimates of the parameters can
then be made by simulating values for bacterio-
cin in each interval, by sampling from a
uniform distribution and calculating the esti-
mates of the parameters for each simulation.
The ensemble of simulations forms a frequency
distribution for each parameter. An estimate of
each parameter can be obtained from the para-
meter frequency distributions generated in
this way.

Results

The results of the determination of the num-
bers of bacteria, pH of the medium and level of
bacteriocin produced by L. monocytogenes L70
and Lact. sake 706 in pure and mixed culture
are presented in Figs 1^3.

In pure culture (Figs 1and 2) both species fol-
lowed standard growth patterns, with a resul-
tant marked drop in pH at or near to the end of
the exponential growth phase, followed by a
slow pH decrease during the subsequent
stationary phase. The marked drop in pH
was greater for Lact. sake (B2?5 pH units)
than for L. monocytogenes (B1?8 pH units).
For both strains, despite a pH decrease,
numbers of cells remained constant for the
80-h duration of the study once the stationary
phase had been reached. Bacteriocin levels for
L. sake 706 increased and peaked during the
late exponential phase of growth at the same
time as the pH dropped, and then dropped o¡
markedly during the subsequent stationary
phase.

In mixed culture (Fig. 3), the behaviour of L.
sake 706 was very similar to that seen in mono-
culture, with both pH changes and bacteriocin
production following the previous trends. The
behaviour of L. monocytogenes L70 was, how-
ever, very di¡erent to that in monoculture
and, after starting growth to mid-logarithmic
phase, numbers of this organism decreased
rapidly until they were undetectable for the
remainder of the study. This drop in numbers
of L. monocytogenes L70 was associated with
a reduction of pH and increasing levels of
bacteriocin.

The estimates of the parameters and their
95% con¢dence limits associated with equa-
tion (1) for L. monocytogenes are shown in
Table 1, and for equation (2) for Lact. sake are
shown in Table 2. The 95% con¢dence limits
overlap, showing that there are no signi¢cant
di¡erences in the parameter estimates be-
tween replications within species. The asym-
metry in the con¢dence intervals is typical for
the parameters of nonlinear models (Bates and
Watts 1988).

Figure 1 shows the ¢t of L. monocytogenes
numbers through time, and the change in the
pH of the growth medium through time, to
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model (1) for each of the two replications.
Figure 2 shows the ¢t to model (2) of each repli-
cation of Lact. sake numbers, the pH of the
growth medium and the level of bacteriocin
through time. Note that generally the esti-
mates of the amount of bacteriocin are greater
than the recorded amounts. This is correct
since, as explained in the Materials and Meth-
ods section, the recorded amount of bacterio-
cin represents a lower bound on the actual
amount. L. monocytogenes grows at a slower
rate, and tends to reach a greater maximumpo-
pulation size than Lact. sake. The pH level for
the Lact. sake growth environment falls faster
than for the growth environment forL. monocy-
togenes. The estimates of the parameters asso-
ciated with the generation of acid (lower pH)
are an order of magnitude higher in Lact. sake
than in L. monocytogenes, although overlapping
95% con¢dence intervals showed that this dif-
ference was not signi¢cant. The pH environ-

ment may be a factor in the maximum
population size attained by each species.

Therewere signi¢cant (Po0?01) correlations
between the residuals from the number of Lact.
sake and the residuals from the pH (r=�0?60).
There was no signi¢cant correlation between
the residuals of the population size ofLact. sake
and the production of bacteriocin but, as al-
ready stated, the quoted values of bacteriocin
are lower bounds, not measurements. Higher
values of pH residuals were signi¢cantly
(Po0?01) associated with higher levels of bac-
teriocin residuals in replication 2 for Lact. sake
grown alone (r=0?55) and in replication 2 for
the mixed populations (r=0?55). There was a
weaker insigni¢cant correlation between
pH residuals and bacteriocin residuals in
replication 1 of Lact. sake grown alone and for
replication 1 in the mixed populations.

The estimates of the interaction parameters
lLis, lLac and u for equations (3) for replication 1
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circles.
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are shown in Table 3. For all other parameters
the average of the parameter estimates from
the single cultures were used.Therefore the es-
timates of the parameters in the mixed culture
are conditional on the values of the parameters
for the non-interacting cultures. Figure 3
shows the ¢t to the microbial numbers of mixed
species Lact. sake and L. monocytogenes, as
well as the pH of the growth medium and the
recorded level of bacteriocin for replication 1.

Discussion

The results shown in Figs 1^3 represent a typi-
cal experiment to quantify the e¡ect of a

bacteriocin-producing lactic acid bacterium on
a sensitive pathogen such as L. monocytogenes.
The use of bacteriocin producing bacteria as
starter or protective cultures in food repre-
sents a potential means to control foodborne
pathogens and assure food safety (Winkowski
and Montville 1992, Muriana 1996). Broth
cultures of the type used in the current study
represent a model system for many foods, and
in particular those such as milk which permit
free mixing of the components (Winkowski and
Montville 1992, Breidt and Fleming 1998).
Furthermore, inhibition of the bacteriocin in
broth systems may be a indicator of a similar
e¡ect in other foods. To optimize the inter-
action of bacteriocin-producing lactic acid

6
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bacteria and pathogens it is necessary to un-
derstand the way they interact in relation to
multiple environmental factors such as cell
numbers, pH and bacteriocin production.
Mathematical models represent one way in
which these interactions can be better under-
stood. The present study used a well under-

stood and described bacteriocin-producing
strain, Lact. sake 706 (Schillinger and Lˇcke
1989, Schillinger et al. 1991), in a mixed popula-
tion with a bacteriocin-sensitive strain of
L. monocytogenes. The interaction of these or-
ganisms was investigated using a broth model-
ling system to generate data, which were then
modelled using a novel mathematical ap-
proach. This approach expressed the existing
multiple interactions taking place in mixed mi-
crobial population growth more accurately
than do current models.

The results on microbial population growth
rate are similar to other studies that measured
growth in both pure and mixed cultures for si-
milar systems (Schillinger and Lˇcke 1989,
Winkowski and Montville 1992, Muriana
1996). However, a number of features are
worthy of note.

The sudden drop in numbers of L. monocyto-
genes to undetectable levels during mixed
culture with the concomitant survival and
growth of the Lact. sake strain (Fig. 3) was ex-
pected, but was more rapid and complete than
for the same bacteriocin-producing strain with
di¡erent L. monocytogenes. Since an isogenic
mutant of Lact. sake 706 has been shown to be
unable to reduce numbers of the indicator or-
ganism in broth culture despite a normal de-
crease in pH in a previous study (Schillinger
and Lˇcke 1989), it seems likely that bacterio-
cin production is the main reason for the ob-
served decrease in this study. In the present
study, a drop in pHof the mediumwas observed
as cell numbers increased in the pure culture
(Figs 1 and 2).This pH drop was less in the case
of L. monocytogenes (Fig. 1) than for Lact. sake
(Fig. 2). It appears that both strains have a high
resistance to acid and that the observed

0 20 40 60 80

8

6

4

2

0L
og

 m
ic

ro
be

 n
um

be
r

8

6

4

pH

1500

1000

500

0

B
ac

te
ri

oc
in

0 20 40 60 80

0 20 40 60 80

Time (h)

Figure 3. The estimated and measured log of
the population numbers, pH and level of bacteriocin
(activity units/ml) for the growth of a mixed culture
of L. monocytogenes and Lact. sake. Measured values
related to L. monocytogenes and Lact. sake are shown
by circles and asterisks, respectively. Calculated
curves are shown by lines.

Table 1. Estimates of parameters and 95% con¢dence limits for each replication of Listeria monocyto-
genes grown in separate culture

Parameter Parameter estimates (95% con¢dence interval)

Replication 1 Replication 2

gLis 0?41 (0?39^0?42) 0?39 (0?38^0?40)
Lismax0 2?200	108 (1?939	108^5?939	108) 3?499	108 (2?470	108^5?470	108)
b Lis 0?011 (0?005^0?170) 0?136 (0?055^0?215)
k 11 7?755	10�9 (5?755	10�9^1?171	10�8) 8?302	10�9 (6?356	10�9^ 1?236	108)
k 12 0?009 (0?003^0?018) 0?021 (0?013^0?0371)
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decline in Listeria numbers in the mixed cul-
ture is due to the e¡ect of bacteriocin.

The proposed model describes microbial
growth in a quite general way. The model em-
ploys the commonly used Logistic growth law
for the populations of L. monocytogenes and
Lact. sake.The model also includes the e¡ect of
the micro-organism’s metabolism in converting
nutrients into by-products which alter the
environment, in this case pH of the growth
medium. Interaction terms include di¡erent
possible mechanisms of mutual in£uence of
both populations in mixed culture. This com-
plex of the interactions is a novel feature of
the new model.

Themodels for the growth of theL.monocyto-
genes (equation 1) and for the Lact. sake popula-
tions (equation 2) both show a good ¢t to the
data. There was no signi¢cant di¡erence be-
tween the parameter estimates in each of the

two replications, with the exception of the
parameter associated with the relationship be-
tween bacteriocin production and Lact. sake
population size. In this case the parameter va-
lue in replication 2 was larger (Po0?05) than
that in replication 1.

Listeria monocytogenes had a faster (Po0?01)
population-speci¢c growth rate than Lact. sake
and a higher estimated maximum population
size when each species was grown separately.
However, the di¡erences in the maximum po-
pulation size reached signi¢cance (Po 0?05)
for only replication 2 of Lact. sake. In both spe-
cies the change in pH was more a¡ected by the
number of microbes present rather than the
rate of the population change.

Lactobacillus sake generated a lower pH at a
faster rate (Po0?05) than L. monocytogenes
(parameters k11 and k12). This is not surprising
because L. sake produces mostly lactic acid

Table 2. Estimates of parameters and 95% con¢dence limits for each replication of Lactobacillus sake
grown in separate culture

Parameter Parameter estimates (95% con¢dence interval)

Replication 1 Replication 2

gLac 0?63 (0?53^0?73) 0?70 (0?58^0?73)
Lacmax0 1?605	108 (6?054	107^2?605	108) 3?162?107 (3?161	107^1?316	108)
bLac 0?23 (0?12^0?32) 0?25 (0?15^0?35)
k21 2?615	10�8 (6?146	10�9^4?617	10�8) 5?020	10�8 (3?020	10�8^7?019	10�8)
k22 0?099 (0?080^0?120) 0?123 (0?103^0?143)
p1 2?79	10�5 (1?90	10�5^3?57	10�5) 3?45	10�5 (2?54	10�5^4?32	10�5)
p2 1?87	10�6 (1?22	10�6^2?63	10�6) 4?42	10�6 (3?39	10�6�5?67	10�6)
k 0?24 (0?17^0?33) 0?24 (0?24^0?26)

Table 3. Conditional estimates and 95% con¢dence intervals of the interaction parameters for Listeria
monocytogenes and Lactobacillus sake grown in mixed culture. Estimated parameters are llis, llac and v, other
parameters are ¢xed at the values given

Parameter L. monocytogenes Lact. sake

gLis/gLac 0?40 0?62
Lismax0=Lacmax0 3	108 1	108

bLis/bLac 0?1 0?2
k11/k21 7?5	10�9 2?7	10�8

k12/k22 0?03 0?095
p1 2?5	10�5

p2 2	10�6

lLis /lLac 4?23	10�7 (2?31	10�8^1?43	10�6) 4?77	10�6 (7?89	10�7^1?48	10�5)
� 0?65 (0?42^0?87)
k 0?24
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which a¡ects pH more than the mix of organic
acids produced by L. monocytogenes. This was
also observed by Breidt and Fleming (1998) in
a study of acid production by Lactococcus lactis
and L. monocytogenes. However, their experi-
ments showed pH change to be the main
mechanism for L. monocytogenes growth sup-
pression and not bacteriocin production,
which is the mode indicated by the present ana-
lysis of a L. monocytogenes^Lact. sake model.

Bacteriocin is most actively produced by
Lact. sake during the exponential phase of
growth. In previous studies Nielsen et al.
(1990), usingPediococcus acidilactici, andHugas
et al. (1995), using Lact. sake, observed that
both population growth and size a¡ected the
production of bacteriocin.More recently, Leroy
and DeVuyst (1999) proposed a model of bacter-
iocin production in Lact. sake in which produc-
tion was driven by population growth alone,
and reported good agreement with data. How-
ever, the biokinetic parameters in their study
were manipulated until a good visual ¢t of the
curves was obtained.This is in some agreement
with our observation of the dominant role of
the phase of population growth of Lact. sake,
although proper statistical procedure of data
¢tting shows that the population size itself is
also of importance.That is, our analysis shows
that both the population growth rate and some
non^growth aspects of population size should
be taken into account to describe the bacterio-
cin production.

The modelling of population growth for each
species grown in mixed culture (equations 3)
also shows good agreement with experimental
observations.The parameters determined from
experimental data from single species cultures
are applicable to the mixed species case.This is
natural for the chosen structure of the model.
If, in these equations, all interactions between
cultures are ignored, the equations will be di-
vided into independent sets, (1) and (2), for L.
monocytogenes and the Lact. sake, respectively.

This feature allows the use of parameter es-
timates from the single cultures for calculating
the parameters of interaction in the mixed sys-
tem. In other words, the parameters in the
mixed culture can be estimated conditional on
the values of the parameters for the non-inter-
acting cultures.

The major e¡ect of bacteriocin on the L.
monocytogenes population is clear, and it ap-
pears that the detrimental e¡ects of lower pH,
or interaction of microbes on growth rates, is
not responsible for the observed fast elimina-
tion of L. monocytogenes in the presence of a
source of bacteriocin.

The actual biokinetics taking place for the
mixed culture described are likely to be more
complicated than those considered by the de-
scribed model. However, the ¢t of the experi-
mental data by equations (1^3) suggests that
the proposed model provides a reasonable de-
scription of the mixed population growth of
these two microbes.

There is considerable interest in the manipu-
lation of bacteriocin on food safety (Post 1996).
One approach is to introduce a microbe such as
Lact. sake into food to inhibit the growth of
pathogens such as L. monocytogenes. The man-
agement of this process is a challenge, espe-
cially on an industrial scale. The development
of models of the microbial population interac-
tions will assist this management.This will re-
quire the extension of models such as equation
(3) to deal with the variable external condi-
tions, such as a changing temperature. How-
ever, these issues can be modelled within the
di¡erential equation framework adopted here.

The model constructed in this paper pro-
duces all the qualitative behaviour observed
in previous experiments on microbial interac-
tions involving bacteriocins (Leroy and de
Vuyst 1999, Lejeune et al. 1998). The model can
also reproduce all the experimental results ob-
served by Winkowski and Montville (1992) for
Lactobacillus bavaricus and L. monocytogenes
growing together.This suggests that the gener-
ic model correctly describes the process of in-
teraction between the microbial populations
that involves bacteriocin, although naturally
the parameter values will be di¡erent in this
case.

The statistical analysis of the model gives es-
timates of the bacteriocin decay rate (�), the
bacteriocin production rate associated with
both population growth and size, and the rates
of elimination of L. monocytogenes for a given
amount of bacteriocin (�). The estimates of
these e¡ects made in a dynamic system are a
useful reference for measurements made in

10 A. B. Pleasants et al.
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controlled experiments that may not have the
bene¢t of experiencing the population inter-
actions.
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